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Abstract
We provide an explicit construction of entangled states in a noncommutative space with non-
classical states, particularly with the squeezed states. Noncommutative systems are found to be
more entangled than the usual quantum mechanical systems. The noncommutative parameter
provides an additional degree of freedom in the construction by which one can raise the entangle-
ment of the noncommutative systems to fairly higher values beyond the usual systems. Despite of
having classical-like behaviour, coherent states in noncommutative space produce little amount
of entanglement and therefore they possess slight nonclassicality as well, which are not true for
the coherent states of ordinary harmonic oscillator.
1 Introduction
Entanglement or nonseparability of states is probably the most fascinating property of quantum
systems, which was elucidated by Einstein and his collaborators in their famous EPR-paradox [1]. A
possible resolution of the paradox was provided by Einstein in terms of the hidden variable theory,
and therefore, he claimed that the conventional quantum mechanics was incomplete. Later Bell’s
inequality [2] was shown to be violated for many systems, and thus, the hidden variable theory failed
to explain the paradox, which tends to confirm that the original formulation of quantum mechanics
is indeed correct. However, in spite of its paradoxical nature, entanglement has been detected
experimentally and is recognised as a source of many important observations in quantum information
theory including quantum teleportation [3], quantum dense coding [4], quantum cryptography [5]
and many more. Various devices have been proposed and realized experimentally to generate
quantum entanglement, such as beam splitters [6–8], cavity QED [9], NMR [10], semiconductor
microcavity [11] etc.
Nonclassical effects are useful in quantum information theory. Squeezed states are highly non-
classical [12,13]. However, sometimes they are difficult to generate, as there is no generalised setting
available in the literature to construct them. Additional complications arise when one considers the
underlying space-time structure to be noncommutative, where the space-time coordinates do not
commute any more. The most commonly studied version of these space-time structures consists
of replacing the standard set of commutation relations for the canonical coordinates xµ by non-
commutative versions, such as [xµ, xν ] = i~θµν , where θµν is taken to be a constant antisymmetric
tensor. More interesting structures, leading for instance to minimal length and generalized ver-
sions of Heisenberg’s uncertainty relations, are obtained when θµν is taken to be a function of the
momenta and coordinates, e.g. [14–19].
In the present work, we utilize the latter version of the noncommutative space-time and construct
the squeezed states of a perturbed harmonic oscillator in this space. Our principal motivation is to
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Entangled squeezed states in noncommutative spaces
construct the entangled states in noncommutative space, which have not been studied significantly
to our knowledge. We employ the beam splitter for this purpose and transmit the noncommutative
squeezed states through one of its input channels, while a vacuum state through the other. We
analyse the density matrix of the output states to measure the linear entropy. The outcomes are as-
tonishing, when we compare them with the similar computations coming out of the usual spaces. We
always obtain higher entanglement in noncommutative spaces than the ordinary systems. The most
interesting observation is that when we switch on the noncommutative parameter and increase the
noncommutativity further, the entanglement rises correspondingly. This leads us to the possibility
that we may use the noncommutative systems for the purpose of quantum information processing to
obtain better results than the ordinary cases. One obvious question that arises afterwards, are the
noncommutative systems accessible physically? The answer is yes [14–19], which has been clarified
in section 3.
Our manuscript is organised as follows: In section 2, we provide a general construction procedure,
which can be used to build up the squeezed coherent states for any generalised models as well as
for the deformed quantum systems. In section 3, we assemble various generalities on squeezed
coherent states from section 2 and construct the nonlinear coherent states and the squeezed states
for a specific harmonic oscillator in a noncommutative space [14–19]. In section 4, we measure
the quantum entanglement of noncommutative systems by computing the linear entropy of the
corresponding models and provide their comparative analysis with the ordinary quantum systems.
Our conclusions are stated in section 5.
2 Generalised squeezed coherent states
We commence by discussing the basic notions of squeezed states. Squeezed states are obtained by
applying the Glauber’s unitary displacement operator D(α) on the squeezed vacuum [20]
|α, ζ〉 = D(α)S(ζ)|0〉, S(ζ) = e 12 (ζa†a†−ζ∗aa), D(α) = eαa†−α∗a, α, ζ ∈ C, (2.1)
with α, ζ being displacement and squeezing parameters, respectively, and S(ζ) being the unitary
squeezing operator. The ordering of D(α)S(ζ) and S(ζ)D(α) in (2.1) are equivalent, amounting
to a change of parameter [20]. An alternative ladder operator definition of the squeezed states can
be obtained by performing the Holstein-Primakoff / Bogoliubov transformation on the squeezing
operator [20, 21]. The squeezed states |α, ζ〉 can be constructed from the solution of the equivalent
ladder operator definition as follows [22,23]
(a+ ζa†)|α, ζ〉 = α|α, ζ〉, α, ζ ∈ C . (2.2)
The coherent states are the special solutions when ζ = 0. A direct generalisation of the above
definition is carried out by replacing the bosonic creation and annihilation operators a, a† by a
couple of generalised ladder operators A,A† [23, 24], such that
A†|n〉 =
√
k(n+ 1)|n+ 1〉, A|n〉 =
√
k(n)|n− 1〉, (2.3)
where k(n) is fairly a general function leading to different generalised models. A second approach
of generalising the ladder operators can be realized in terms of the f -oscillators [25]
A†f = f(n)a
†, Af = af(n), (2.4)
where f(n) is an operator-valued function of the Hermitian number operator n = a†a. The two
different approaches (2.3) and (2.4) become equivalent with the choice k(n) = nf2(n). For clarifi-
cations on physical reality of the ladder operators A,A† and Af , A
†
f , we refer the readers to [26,27],
where an explicit Hermitian representation of the operators was found in terms of the usual canon-
ical observables. A natural checkpoint is the limit f(n) = 1, where the operators in (2.3) and (2.4)
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reduce to the usual creation and annihilation operators as expected. In order to solve the eigenvalue
equation (2.2) for the generalised case, let us expand the squeezed states |α, ζ〉 in terms of the Fock
states
|α, ζ〉 = 1N (α, ζ)
∞∑
n=0
I(α, ζ, n)√
ρ(n)
|n〉 , (2.5)
with the normalisation constant
N 2(α, ζ) =
∞∑
n=0
|I(α, ζ, n)|2
ρ(n)
, (2.6)
where
ρ(n) =
n∏
i=1
k(i) =
n∏
i=1
if2(i), ρ(0) = 1 . (2.7)
Inserting (2.5) into the eigenvalue equation (2.2) replaced with the generalised ladder operators
(2.3) or (2.4), we end up with a three term recurrence relation
I(α, ζ, n+ 1) = α I(α, ζ, n)− ζ k(n) I(α, ζ, n− 1), (2.8)
with I(α, ζ, 0) = 1 and I(α, ζ, 1) = α, which when solved, leads to the explicit form of the squeezed
states for the models corresponding to the particular values of k(n) [24]. Note that, the recurrence
relation (2.8) may not be easy to solve, when one deals with the complicated choices of k(n).
However, it becomes fairly simple to work out, when one considers the special case ζ = 0, which
corresponds to the coherent states. In this scenario, the recurrence relation is always solvable and
the explicit form is well known
|α〉 = 1N (α)
∞∑
n=0
αn√
ρ(n)
|n〉 , (2.9)
which are also familiar as the nonlinear coherent states [25,28,29].
3 Squeezed states for the noncommutative harmonic oscillator
We will construct the squeezed states for the one dimensional harmonic oscillator [14,15,18,30]
H =
P 2
2m
+
mω2
2
X2 − ~ω
(
1
2
+
τ
4
)
(3.1)
defined in the noncommutative space satisfying
[X,P ] = i~
(
1 + τˇP 2
)
, X =
(
1 + τˇ p2
)
x, P = p . (3.2)
Here τˇ = τ/(mω~) has the dimension of inverse squared momentum with τ being dimensionless.
The noncommutative observables X, P are represented in (3.2) in terms of the standard canonical
variables x, p satisfying [x, p] = i~. The Hamiltonian H is clearly non-Hermitian with respect to the
standard inner product. However, one can easily construct the isospectral Hermitian counterpart
of the non-Hermitian Hamiltonian (3.1), when the Hamiltonian H is assumed to be pseudo/quasi
Hermitian [31–34], i.e. the non-Hermitian Hamiltonian H and the Hermitian Hamiltonian h are
related by a similarity transformation h = ηHη−1, with η†η being a positive definite operator playing
the role of the metric. The corresponding eigenstates |Φ〉 and |φ〉 of H and h, respectively, are then
simply related as |Φ〉 = η−1φ. The Dyson map η, whose adjoint action relates the non-Hermitian
Hamiltonian (3.1) to its isospectral Hermitian counterpart h, is easily found to be η = (1+ τˇ p2)−1/2.
With the help of the metric η we compute [30]
h = ηHη−1 =
p2
2m
+
mω2
2
x2 +
ωτ
4~
(
p2x2 + x2p2 + 2xp2x
)− ~ω(1
2
+
τ
4
)
+O(τ2) . (3.3)
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We consider a perturbative treatment here and decompose the above Hamiltonian (3.3) as h =
h0+h1. Now, taking h0 to be the standard harmonic oscillator and following the common techniques
of Rayleigh-Schro¨dinger perturbation theory, the energy eigenvalues of H and h were computed
[14,18,30] to lowest order to
En = ~ωen = ~ω(An+Bn2) +O(τ2) , (3.4)
with A = (1 + τ/2) and B = τ/2. The eigenstates were calculated correspondingly to
|φn〉 = |n〉 − τ
16
√
(n− 3)(4)|n− 4〉+ τ
16
√
(n+ 1)(4)|n+ 4〉+O(τ2) , (3.5)
where Q(n) :=
∏n−1
k=0(Q + k) denotes the Pochhammer symbol with the raising factorial. In what
follows, we will drop the explicit mentioning of the order in τ , understanding that all our compu-
tations are carried out to first order. Having obtained all the prerequisites, we can now construct
the coherent states for the noncommutative harmonic oscillator (3.1). The explicit form of which
follows from (2.9) as
|α〉 = 1N (α)
∞∑
n=0
αn√
ρ(n)
|φn〉, (3.6)
which, when replaced by (3.5), we obtain
|α〉 = 1N (α)
[ ∞∑
n=0
αn√
ρ(n)
(
|n〉+ τ
16
√
(n+ 4)!
n!
|n+ 4〉
)
− τ
16
∞∑
n=4
αn√
ρ(n)
√
n!
(n− 4)! |n− 4〉
]
(3.7)
=
1
N (α)
[ ∞∑
n=0
αn√
ρ(n)
(
1− τ
16
α4
f(n)!
f(n+ 4)!
)
|n〉+ τ
16
∞∑
n=0
αn√
ρ(n)
√
(n+ 4)!
n!
|n+ 4〉
]
(3.8)
=
1
N (α)
[ ∞∑
n=0
αn√
ρ(n)
(
1− τ
16
α4
f(n)!
f(n+ 4)!
)
|n〉+ τ
16
∞∑
n=4
αn−4√
ρ(n)
n!
(n− 4)!
f(n)!
f(n− 4)! |n〉
]
(3.9)
=
1
N (α)
∞∑
n=0
C(α, n)√
ρ(n)
|n〉 , (3.10)
where
C(α, n) =
{
αn − τ16αn+4 f(n)!f(n+4)! if 0 ≤ n ≤ 3
αn − τ16αn+4 f(n)!f(n+4)! + τ16αn−4 n!(n−4)! f(n)!f(n−4)! if n ≥ 4 .
Whereas, the squeezed states for the noncommutative harmonic oscillator (3.1) are obtained by
solving the recurrence relation (2.8) with k(n) = An + Bn2. The solution is obtained in terms of
the Gauss hypergeometric function 2F1 as follows
I(α, ζ, n) = in (ζB)n/2
(
1 +
A
B
)(n)
2F1
[
− n, 1
2
+
A
2B
+
iα
2
√
ζB
; 1 +
A
B
; 2
]
, (3.11)
where Q(n) denotes the Pochhammer symbol as mentioned after (3.5). Following similar steps as
(3.6)-(3.10), and, by replacing equation (3.11) into (2.5) along with ρ(n) = k(n)! = [nf2(n)]! =
en! = [n(A + Bn)]!, we obtain the explicit form of the squeezed states of the noncommutative
harmonic oscillator as follows
|α, ζ〉 = 1N (α, ζ)
∞∑
n=0
S(α, ζ, n)√
ρ(n)
|n〉 , (3.12)
where
S(α, ζ, n) =
{
I(α, ζ, n)− τ16 f(n)!f(n+4)!I(α, ζ, n+ 4) if 0 ≤ n ≤ 3
I(α, ζ, n)− τ16 f(n)!f(n+4)!I(α, ζ, n+ 4) + τ16 n!(n−4)! f(n)!f(n−4)!I(α, ζ, n− 4) if n ≥ 4 .
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In the harmonic oscillator limit τ = 0, i.e. f(n) = 1, we obtain the reduced form, which is the
squeezed states of the ordinary harmonic oscillator precisely
|α, ζ〉ho =
1
N (α, ζ)
∞∑
n=0
1√
n!
(
ζ
2
)n/2
Hn( α√
2ζ
)|n〉 , (3.13)
where Hn(α) denote the Hermite polynomials.
4 Measure of entanglement with quantum beam splitter
A beam splitter is a well known optical interferometer, which has two input and two output ports.
The lights passing through the input ports are partly reflected and partly transmitted with the
amplitude reflection and transmission coefficients being r and t, respectively. The quantum version
of the classical beam splitter is obtained by replacing the incoming electromagnetic fields with a set
of annihilation operators a and b corresponding to two different inputs [35]. The output fields are,
then, realized with the unitarily transformed operators c = BaB† and d = BbB†, such that
[c, c†] = 1 and [d, d†] = 1. (4.1)
The unitary operator B is known as the beam splitter operator
B = e θ2 (a†beiφ−ab†e−iφ) , (4.2)
where θ denotes the angle of the beam splitter and φ is the phase difference between the reflected and
transmitted fields. The conditions (4.1) impose the restriction on the reflection and transmission
amplitudes, |r|2 + |t|2 = 1, with r = −e−iφ sin(θ/2) and t = cos(θ/2). For a 50 : 50 beam splitter, r
and t are naturally equal in amplitude, |r| = |t| = 1/√2. The effect of the beam splitter operator
on a bipartite input state composed of a usual Fock state |n〉 at one of the inputs and a vacuum
state |0〉 at the other, is fairly well known [36]
B|n〉a|0〉b =
n∑
q=0
(
n
q
)1/2
tqrn−q |q〉c|n− q〉d . (4.3)
However, the outcome becomes much more complicated when one considers the squeezed states [37],
especially in the noncommutative space |α, ζ〉 (2.5). The output state in this case is computed to
|out〉 = B|α, ζ〉a|0〉b = 1N (α, ζ)
∞∑
n=0
S(α, ζ, n)√
k(n)!
B|n〉a|0〉b , (4.4)
which when replaced by equation (4.3), achieves the form
|out〉 = 1N (α, ζ)
∞∑
n=0
n∑
q=0
S(α, ζ, n)√
k(n)!
(
n
q
)1/2
tqrn−q |q〉c|n− q〉d
=
1
N (α, ζ)
∞∑
q=0
∞−q∑
m=0
S(α, ζ,m+ q)√
m!q!f(m+ q)!
tqrm |q〉c|m〉d . (4.5)
The normalisation constant is evaluated from the requirement, 〈out|out〉 = 1 as follows
N 2(α, ζ) =
∞∑
q=0
∞−q∑
m=0
|S(α, ζ,m+ q)|2
m!q!f2(m+ q)!
|t|2q|r|2m. (4.6)
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The most exciting feature of a quantum beam splitter is that it produces entangled output states,
if at least one of the input fields is nonclassical [36, 38]. It is well known that one does not obtain
the entangled states in the output ports, when one transmits coherent states through the input
ports [36]. The reason behind this is that the coherent states are classical in nature [26, 30, 39],
whereas the squeezed states are highly nonclassical [12, 13] and very useful for the creation of
the entangled states. For further analysis on the nonclassical behaviours of the states, albeit in
noncommutative space, one may look at the recent work by one of the authors [27].
4.1 Linear entropy
In this section we will analyse the entanglement produced by the squeezed states in the noncom-
mutative space, that we have constructed in section 2 and 3. There are many options available
for the measurement of quantum entanglement. For instance, one could quantify logarithmic neg-
ativity [40], entanglement distillation [41], concurrence [42], squashed / CMI entanglement [43],
relative entropy [44], von-Neumann entropy [45] etc. However, they are not so easy to compute for
complicated systems like noncommutative oscillators. Although, von-Neumann entropy seems to be
straightforward to calculate, once the density matrix ρ is known
S(ρ) = −Tr(ρ log2 ρ) = −
∑
x
λx log2 λx . (4.7)
Nevertheless, one requires to diagonalise the matrix to compute the eigenvalues λx, which is not
always possible, specially for difficult systems like us. A relatively easy way would be to compute
the linear entropy
S = 1− Tr(ρ2A), (4.8)
where ρA is the reduced density operator of the system A, which is obtained by performing partial
trace over the system D of the density operator ρAD. The value of S varies in between 0 and 1,
where 0 corresponds to the case of the density matrix of pure states and 1 correlates to the case of
completely mixed states producing the maximum entanglement. Let us first calculate the density
matrix for the case at hand (4.5)
ρAD = |out〉〈out|
=
1
N 2(α, ζ)
∞∑
q=0
∞∑
s=0
∞−q∑
m=0
∞−s∑
n=0
S(α, ζ,m+ q)S∗(α, ζ, n+ s)√
m!q!n!s!f(m+ q)!f(n+ s)!
tqtsrmrn |q,m〉〈s, n| , (4.9)
where |q,m〉 ≡ |q〉c|m〉d, such that the partial trace is computed to
ρA =
1
N 2(α, ζ)
∞∑
q=0
∞∑
s=0
∞−max(q,s)∑
m=0
S(α, ζ,m+ q)S∗(α, ζ,m+ s)
m!
√
q!s!f(m+ q)!f(m+ s)!
tqts|r|2m |q〉〈s| . (4.10)
Therefore the linear entropy becomes
S = 1− 1N 4(α, ζ)
∞∑
q=0
∞∑
s=0
∞−max(q,s)∑
m=0
∞−max(q,s)∑
n=0
|t|2(q+s)|r|2(m+n)
×S(α, ζ,m+ q)S
∗(α, ζ,m+ s)S(α, ζ, n+ s)S∗(α, ζ, n+ q)
q!s!m!n!f(m+ q)!f(m+ s)!f(n+ s)!f(n+ q)!
. (4.11)
This is evident that the analytical study of the entropy (4.11) is quite difficult here. Even the
numerical treatment is very challenging indeed, when large number of energy levels are considered.
One needs to be very careful when one deals with the entropy with finite number of energy levels,
because the energy spectrum of the original model is infinite. We are very concerned with the fact
6
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and every time we have investigated the minimum requirement of the number of energy levels for
which the series converges for the particular values of the parameters that we have chosen in our
computations. A 50 : 50 beam splitter has been utilised here, such that θ is taken to be equal to
pi/2. However, the entropy (4.11) depends on the square of the absolute value of the phase difference
between the reflected and transmitted fields, so that φ becomes entirely irrelevant to our case.
Our investigations are carried out mainly in two different directions. First, we compute the
linear entropy of the output states while one of the input states of the beam splitter is a coherent
state in noncommutative space (3.10), as depicted in figure 1. Second, we study mutual comparisons
of the entanglement of the noncommutative squeezed states (3.12) input with that of the squeezed
state of the ordinary harmonic oscillators (3.13). The outcomes for different values of the squeezing
parameters have been demonstrated in figure 2. The linear entropies of the noncommutative oscil-
lators are much higher than the usual ones for all values of α, which indicate that the output states
coming out of the squeezed states of the noncommutative harmonic oscillator are more entangled
than that of the squeezed states of ordinary harmonic oscillators.
τ = 2.0 (a)
τ = 0.6
τ = 1.5
τ = 1.0
0.5 1.0 1.5
α
0.1
0.2
0.3
0.4
Entropy S
0
0.2
0.4
0.6
Figure 1: Linear entropy for the noncommutative coherent state input (a) as function of α for different
values of τ (b) as functions of α and τ . Number of energy levels considered = 20 in each case.
 NCHO
 HO
(a)
1 2 3 4
α0.1
0.2
0.3
0.4
0.5
0.6
Entropy S
 NCHO
 HO
 (b)
1 2 3 4
α
0.05
0.10
0.15
Entropy S
Figure 2: Linear entropy for the noncommutative squeezed state (solid, purple) versus squeezed state of
ordinary harmonic oscillator (dashed, orange) as function of α for τ = 0.5 (a) ζ = 0.75 (b) ζ = 0.25. Number
of energy levels considered = 40 in each case.
On the other hand, when we consider the coherent states in noncommutative space in one of the
inputs, we see that little amount of entropies are obtained in the output as shown in figure 1(a).
Therefore, the behaviour of the noncommutative coherent states are more interesting than the co-
7
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herent states of the ordinary harmonic oscillator, where we do not obtain the entangled output
states at all. With reference to figure 1, we suggest that the noncommutative coherent states are
slightly nonclassical in nature. While, the classical like manner of the noncommutative states have
been investigated by many authors [26, 27, 30, 46]. The dual nature of the coherent states in non-
commutative spaces have also been found earlier, rather based on the analytical treatment; see, for
instance, [30,47]. However, for quite obvious reasons, the output states are always more entangled,
when the input states are squeezed states, rather than the coherent states in noncommutative space.
0.2
0.3
0.4
0.5
0.6
Figure 3: Linear entropy for the noncommutative squeezed state input as functions of α and τ for ζ = 0.5.
Number of energy levels considered = 10.
The most exciting effect is that the key role on the behaviour of the linear entropy is played by the
noncommutative parameter τ , which is quite obvious in figure 3. The value of the entropy for the
noncommutative case coincides with the entropy of the ordinary harmonic oscillator, when τ = 0,
which is expected. However, the entropy increases rapidly with the increase of the value of τ and
saturates at sufficiently high value, irrespective of all values of α. The behaviour is detected in all
of the two scenarios that we are discussing here. First, for the case of the coherent states, which has
been depicted in figure 1(b). Second, for the squeezed states, which is plotted in figure 3. Certainly,
as per our expectation, we obtain better result in the latter case. The above analysis indicates
that one may utilize the noncommutative systems to improve the entanglement further the usual
quantum mechanical systems.
5 Conclusions
In the present work, we have constructed the entangled states on a noncommutative space leading
to a generalized version of Heisenberg’s uncertainty relation. A lossless 50 : 50 quantum mechanical
beam splitter has been utilised for this purpose. We provide an explicit expression of the nonclassical
state; i.e. squeezed state of the perturbative noncommutative harmonic oscillator, which is itself
very difficult to construct. However, our principal result is to demonstrate the superiorities of
utilising the noncommutative spaces over the usual quantum mechanical systems for the purpose of
creating entangled states. We have shown that the noncommutative space provides an extra degree
of freedom by which one can increase the degree of entanglement beyond the ordinary systems.
Depending on the value of the noncommutative parameter τ , one produces higher entangled states
in noncommutative spaces than the usual systems. An additional observation is to point out the dual
nature of the coherent states in noncommutative space. Noncommutative coherent states exhibit
8
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both classical-like nature as well as nonclassicality, which we believe to be a very interesting finding
in this context.
There are various directions in which our analysis might be taken forward. For instance, one may
study the entanglement for many other models in the same space or in some other noncommutative
spaces. More challenging is the construction of such entangled states in higher dimensions. Apart
from using quantum beam splitter, constructing quantum entanglement of the noncommutative
models using some other techniques would be insightful indeed.
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